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—— Abstract

State-of-the-art SAT solvers increasingly use techniques beyond resolution. For instance, adding
redundant clauses allows the solver to reduce the solution space, e.g., to break symmetries. We
investigate the strength of relatively weak redundancy reasoning: conditional autarkies and set-
blocked clauses, with no new variables and no deletions.

We show that adding conditional autarkies (as set-blocked clauses) on top of resolution allows effi-
cient refutations of a number of natural combinatorial principles that may occur in SAT benchmarks.
In particular, we give efficient proofs of the perfect matching on a grid, the mutilated chessboard,
the counting principle modulo 3, and the relativized pigeonhole principle.
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1 Introduction

Satisfiability testing is at the core of automated reasoning. The simple language of Boolean
logic makes encoding problems into formula satisfiability a viable strategy to solve them.
This motivates a fast development of algorithms for satisfiability. As a result, nowadays,
problems in formal verification, security, planning and classical mathematics, are regularly
solved in this fashion.

Conflict-driven clause learning (CDCL) [21] is the dominant approach to deciding propos-
itional satisfiability (SAT). Starting from a partial assignment, a CDCL solver repeatedly
applies unit propagation. If propagation yields a conflict (i.e., a clause is falsified), it ana-
lyzes the conflict and learns a clause that blocks the same combination of decisions, then
backjumps to an earlier decision level and continues. If the learned clause is empty, the
formula is unsatisfiable. If propagation ends without conflict and all variables are assigned,
the formula is satisfiable; otherwise the solver assigns another variable according to some
decision heuristic, and repeats the process.
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It is well-known that CDCL solvers have the same power as resolution proofs [22, 2]. This
means that CDCL solvers suffer from the same limitations as the resolution proof system. For
instance, there are seemingly simple formula families that require exponential size resolution
proofs, implying that solving these formulas with CDCL takes exponential time. A large
number of of principles are hard for resolution, and therefore also for CDCL: the pigeonhole
principle, the mutilated chessboard principle, the clique-coloring principle, perfect matching,
Tseitin, and many others [5].

Given the limitations of Resolution, people have been trying to improve/extend SAT
solvers to harness the power of stronger proof systems. One way is to allow the solver to add
redundant clauses, namely clauses that are not necessarily logical consequences of the formula,
yet they reduce the search space of satisfying assignments. Concretely, a satisfiable formula
remains satisfiable after the addition of a redundant clause, but possibly by fewer assignments.
A new generation of SAT solvers [11] allows the addition of propagation redundant clauses, a
type of clauses for which the redundancy is easy to certify [11]. The corresponding proof
system called propagation redundancy (PR) models these solvers.

A common way of adding redundancy is via partial assignments that satisfy all clauses
they affect. Given a propositional formula in conjunctive normal form, an autarky is a truth
assignment that satisfies every clause it touches. A conditional autarky [26, 18] is a partial
assignment divided into two parts, the conditional part and the autarky part, where the
autarky part must be an autarky for the formula restricted by the conditional part. From
conditional autarkies we obtain redundant clauses called set-blocked clauses, which are a
special case of propagation redundant clauses, hence they are allowed in PR proofs.

To find redundant clauses, Heule et al. [12] introduced Satisfaction-Driven Clause Learning
(SDCL), a SAT solving technique that extends CDCL. If the current assignment plus unit
propagation does not lead to a conflict, we do not obtain a new variable assignment as
CDCL would do. Instead, we first try to prune the search space by learning a propagation
redundant clause. This is done by another SAT solver call that tries to produce a conditional
autarky assignment, from which to obtain propagation redundant clauses. This SDCL system
allows short proofs of the pigeonhole formulas [11], circumventing the limitations of pure
CDCL-based solvers.

Redundancy learning is often associated with “without loss of generality” reasoning [23],
most notably symmetry breaking: adding redundant constraints can restrict attention to
canonical representatives of symmetric solutions without changing satisfiability. While this
is an important use case of redundancy, our upper bounds highlight a different phenomenon:
even in the absence of large symmetry groups, local redundancy rules based on conditional
autarkies can have a dramatic effect. Concretely, the proofs we give show that proof system
SBC™ (i.e., resolution plus set-blocked clauses) can efficiently refute natural combinatorial
principles that are hard for resolution, and have very few symmetries.! This suggests that
SAT solvers with SDCL-like redundancy learning may succeed on such structured instances
as well.

Finally, our work is in the line of recent proof-complexity studies of redundancy systems.
Buss and Thapen [6] studied redundancy proof systems without new variables, in particular
showing that Set Propagation Redundancy (SPR™), a proof system simulating SBC™ (and
strictly stronger), can prove, polynomially, many principles hard for resolution. Yolcu and
Heule studied the strength of SBC™ [28], for instance giving polynomial upper bounds on
the Pigeonhole Principle.

b Following [6], we use the superscript ~, as in SBC™ or PR™, when the system is not allowed to introduce
new variables. With new variables both SBC and PR become equivalent to Extended Resolution.
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The present paper pushes this line further and shows that the conditional autarky /set-
blocked clause viewpoint yields proofs for principles that are, a priori, not obviously susceptible
to weak redundancy reasoning. For instance, we show polynomial SBC™ refutations for
principles with very few symmetries.

Recall that SBC™ is the proof system allowing the introduction of set-blocked clauses on
top of the resolution rules, but without deletions and without new variables.

Summary of results. In this work we show that several variants of the pigeonhole principle
(with the usual propositional encoding) and perfect matching have polynomial size SBC™
refutations. In particular, we show that the perfect matching principle on an n x n grid
graph has O(n?) refutations in the proof system SBC™ (Theorem 3.3). If we consider Frege
refutations where the formulas in the proof are a depth d in the basis given by A, V, and
=, then the principle above has polynomial size refutations when d = ©(logn) [7], while it
does not admit polynomial refutations when d = O(log n/loglogn) [13]. This, together with
Theorem 3.3 shows that depth-O(logn/loglogn) Frege cannot p-simulate SBC™.

A simple modification of the argument in Theorem 3.3 shows that the mutilated chessboard
principle on an n x n chessboard also has O(n?) refutations in SBC™ (Theorem 3.5). This
answers an open question from [25], and also improves on the empirical PR~ upper bound
of O(n?) for the mutilated chessboard principle in [10], both by giving an explicit refutation
and doing it in a weaker redundancy system.

The counting principle, a generalization of the matching principle, falsely claims that set
{1,...,kn + 1} can be partitioned into sets of size k. This principle is hard for bounded
depth Frege refutations [1, 4]. In Theorem 3.2 we show an SBC™ refutation for k¥ = 3 of
length O(n").

The last formula for which we show a small refutation is the relativized pigeonhole
principle. The concept of relativization was introduced by Krajicek [19] as a systematic way
to increase the hardness of combinatorial principles. For instance, some semi-algebraic proofs
systems with polynomial-size refutations of the pigeonhole principle do not have polynomial
size refutations of the (harder) relativized pigeonhole principle [3]. In Theorem 4.1 we show
that even the relativized version of the pigeonhole principle formula has polynomial size
refutations in SBC™. This is interesting in particular because it seems difficult to obtain
short PR™ proofs of it in practice [24, 25].

Structure of the paper. The rest of this work is structured as follows. Section 2 contains
all the preliminaries needed, in particular it describes the equivalence between conditional
autarkies and set-blocked clauses. Section 3 contains SBC™ upper bounds for perfect
matching principle on some graphs (the complete bipartite, the square grid and the mutilated
chessboard graph), and for the counting principle modulo 3. In Section 4 we switch the focus

to the relativized pigeonhole principle and show it has polynomial size SBC™ refutations.

Finally, Section 5 concludes the paper with some final remarks and open problems.

2 Preliminaries

For n € N, let [n] be the set {1,...,n}. A Boolean variable x takes values in {0,1} and a
literal is either a variable x or its negation Z. A clause is a disjunction of literals, and the
empty (false) clause is L. A formula ¢ in Conjunctive Normal Form (CNF) is a conjunction

of clauses. We identify a CNF as the set of its clauses, and a clause as the set of its literals.

A clause is a tautology if it contains both literals x and T for some variable x.

8:3
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Semantics. A partial assignment on a set of variables X is a partial function o: X — {0,1}.
If o is total, we say simply that o is an assignment. Partial assignments map CNF formulas
¢ into CNF formulas ¢, in the natural way: z[, = z and T|, = T when z ¢ dom(o),
WwACO), =0, ANCTl,, (CVO],=Cl, VL[, and disjunctions/conjunctions are simplified
using the usual logic rules, 2.e., DVO0=D, DV1=1, FA1l=F, FA0=0. We say that ¢
satisfies a clause C (o E C) if C[, is either 1 or tautological. We say that o satisfies a CNF
formula ¢ (o E ¢), when o[, = 1. We say that ¢ F C if for every assignment o, if 0 F ¢
then o E C. We identify a literal £ with the partial assignment that assigns ¢ to 1 and leaves
all other variables unassigned, hence we use notation ¢[,. Likewise, given a clauses C' we
denote as C' the unique minimal partial assignment that maps all literals in C' to false, and
use the notation p|x.

Unit propagation. The unit propagation for a CNF ¢ is an iterative process. We start with
an empty partial assignment a. At each iteration we look at ¢[, and we have three possible
outcomes. First, if ¢[, contains L, then the process stops and we say that ¢ implies the
contradiction by unit propagation, and we denote this as ¢ -1 L. Otherwise, if ¢[, contains
a unit clauses ¢ we set a := a U {¢} and we do another iteration. In the remaining case,
when o[, does not contain neither unit nor empty clauses, the process stops. We use the
notation ¢ F; C to indicate that ¢ A C F; L, and we say that ¢ implies C' by reverse unit
propagation (RUP). We further generalize this notation indicating with ¢ 1 A the fact that
@y C for every C € A.

Redundancy and equisatisfiability. If a clause C is a logical consequence of ¢, then ¢ and
e U{C} are equisatisfiable, i.e., if ¢ is satisfiable then ¢ U {C'} is also satisfiable, and vice
versa. SAT solvers leverage this observation, and add new clauses to a CNF formula while
trying to find some satisfying assignment for it. The new clauses rein the search process, and
being logical consequences, do not exclude any potential solution. To further improve the
search, solvers identify clauses that, despite not being logical consequences, do not change
the satisfiability of the formula if added to (or removed from) it. In particular this can be
done either before (see for example [8]) or during the solving process [14].

» Definition 2.1. A clause C is redundant for ¢ when ¢ and o U {C} are equisatisfiable.

A solver could add redundant clauses, to further guide the search, but could also remove
redundant clauses to make the formula smaller, in order to speed up unit propagation or to
delete variables. This is often what preprocessing and inprocessing phases in SAT solvers
do. Notice that the property of redundancy is not monotone: for instance, both x; and x4
are redundant for {z; V x2,T1 V Ta}, but if either is added to the formula, the other is not
redundant anymore.

2.1 Autarkies and conditional autarkies

Finding redundant clauses to add is a major challenge. Even testing that a particular clause
is redundant requires a SAT solver to call itself (this is indeed the approach of SDCL-based
solvers [12]). Nevertheless, there are examples of redundant clauses that are easy to recognize.
For example, when a literal £ occurs in ¢ and its opposite £ does not, we say £ is a pure
literal, and £ is redundant for . This idea leads to the concept of autarky.

» Definition 2.2 (autarky). An autarky for a CNF formula ¢ is a partial assignment o so
that for each clause C' € ¢, either C'l, =1 or C[, =C.
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From the definition it is immediate that the unit clauses inducing assignment o are all
redundant, when added in any order. Pure literals are special cases of autarkies, as it is
any satisfying assignment. We should not expect formulas to have many autarkies, but it is

possible to study conditional autarkies, meaning autarkies that only apply after a restriction.

» Definition 2.3 (conditional autarky [26, 18]). A conditional autarky for a CNF formula ¢
is an implication o — [ where a and B are two partial assignments on the variables of ¢
with dom(a) Ndom(B) =0, so that (3 is an autarky for o[, .

Both autarkies and conditional autarkies are easy to recognize, and induce redundant
clauses. The following is a characterization of conditional autarkies we will use.

» Observation 2.4. An implication o — 3 with dom(a) Ndom(B) = 0 is a conditional
autarky for a CNF formula ¢ if and only if for every clause C € p, a(C) =1 or §(C) =1
or B(C) =C.

» Lemma 2.5 ([15]). If Aic;ai — Njesbj is a conditional autarky for ¢, then ¢ and
e U{V e @ Vb |j€ J} are equisatisfiable. In particular, ¢ and o U{\,;c @V \;c;b;}
are also equisatisfiable.

In the next section, we recall proof systems (SBC~ and PR ™) that allow the introduction
of equisatisfiable clauses in addition to resolution inferences. The introduction of clauses
coming from conditional autarkies (as in Lemma 2.5) is formalisable in the systems PR~
and SBC™. The addition of clauses {\/;.;@; V V¢, b;} is done in the system SBC™, and
the addition of {\/,c; @ Vb; | j € J} is done in PR™. Notice that the set of clauses
added in PR~ is stronger than the single clause added in SBC™. When used in practice,
conditional autarkies are introduced as PR~ clauses, since they are smaller and can be
further minimized [12].

In this paper we focus on the strength of the more limited system SBC™. This system
and PR~ are defined formally in the next section, but indeed all the redundant clauses that
can be added in SBC™ come from conditional autarkies (Proposition 2.7), therefore the next
subsection is not strictly needed to understand sections 3 to 5.

2.2 From conditional autarkies to proof systems with redundancy

When modern SAT solvers claim that a formula is UNSAT, they produce (more or less
explicitly) a refutation in some proof system of length proportional to the running time of

the solver. The proof systems we consider in this paper match the following general scheme.

Given a CNF formula ¢ with m clauses, a refutation is a sequence Dy, Ds, ..., D; of clauses
on the variables of ¢, so that the first m clauses are the clauses of ¢ itself, D, = 1, and
for ¢ > m each D; is added to the sequence according to some rule so that D; is redundant
for {D1,...D;_1}. The proof must be verifiable efficiently, hence there must be a way to
witness efficiently the redundancy of each addition. For our discussion the order in which we
enumerate the clauses of ¢ at the beginning of the refutation is irrelevant.

Resolution. Resolution is the most important proof system in literature and it is at the
core of all CDCL solvers [21]. It is based on the following simple observation: two clauses
AV z and BV T logically imply the resolvent AV B. Since logically implied clauses are
redundant, resolution refutations are an instantiation of the general scheme above, where
each D; is the resolvent of two clauses among {Dy,...D;_1}.

8:5
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SBC refutations. An SBC refutation is an instantiation of the general scheme above, where
each clause D; is either the resolvent of two preceding clauses, or is a set-blocked clause w.r.t.
all the preceding clauses. A clause C' is a set-blocked clause w.r.t. a set of clauses I' when C
can be partitioned as AV B with non empty B = {{1,...,¢;}, so that for every D € I with
DN B = () and some ¢; € D, it must hold that AU (D \ {f1,...,0;}) is a tautology [17]. It is
intended that each set-blocked clause is annotated with its partition, in order to make the
SBC refutation efficiently checkable.

When SBC refutations are allowed to introduce new variables, the system becomes
equivalent to Extended Resolution (aka Extended Frege). Following [6], SBC™ is the
fragment of SBC with no addition of new variables, and this is the proof system our paper
focuses on.

» Remark 2.6. Regarding the terminology, the paper [17] defines set-blocked, semantically
blocked and super-blocked clauses. Semantically-blocked and super-blocked are the same
concept and are a stronger notion which is not even certifiable with a witness. They are still
“local” in some precise sense. The globally blocked clauses, defined later in [15, Definition 14],
are the ones obtained from a conditional autarky o — b1bs - - - by by adding the smaller clauses
@V b;. They are not set-blocked, but are propagation redundant (see the definition later).

The notion of set-blocked clause looks quite artificial, but its redundancy becomes clear
once we observe that it is closely related to the one of conditional autarky. Due to this
connection, in the rest of the paper, we will always identify set-blocked clauses and conditional
autarkies.

» Proposition 2.7 ([15]). If the implication \; a; — /\;b; is a conditional autarky for ¢,
then the clause \/;@; V' \/; b; is a set-blocked clause for . If C, partitioned as \/;@; V' \/; b;,
is a set-blocked clause for ¢ then M\, a; — /\j b; is a conditional autarky for ¢.

» Observation 2.8. Without loss of generality we can assume that in any SBC refutation,
all set-blocked clauses are added before all resolvents.

PR refutations. A PR refutation [11] is an instantiation of our general scheme, where each
clause D; is either the resolvent of two preceding clauses, or is a propagation redundant
clause w.r.t. all the preceding clauses. A clause C is propagation redundant w.r.t. a set of
clauses I' if there is an assignment o such that I'lz 1 T'[; and C[, = 1. It is intended
that each such clause is annotated with its witnessing assignment, in order to make the PR,
refutation efficiently checkable. Following [6], PR~ is the fragment of PR refutations that
does not allow new variables. Similarly as for SBC, when PR refutations are allowed to
introduce new variables the system becomes equivalent to Extended Resolution.

If Aicrai = Njesbj is a conditional autarky for ¢ the clauses {\/;c; @ Vb; | j € J} are
not set-blocked clauses, but they can be added one by one as propagation redundant clauses.

» Lemma 2.9 ([15]). If A\,c;ai = N\jc;b) is a conditional autarky for o, then the set of
clauses o U{\/;c;@; Vb; | j € J} can be obtained from ¢ adding one by one the clauses in
{Vier@ Vb;|j€J} as propagation redundant clauses w.r.t. the clauses obtained before.

How the systems compare to each other. Any resolution refutation is also a SBC™
refutation (by definition), likewise SBC™ refutations are also PR~ refutations. To see this
compare Proposition 2.7 and Lemma 2.9: the witness for the clauses in the latter lemma is
the same as the one for the corresponding set-blocked clause in the former. Moreover, SBC™
sometimes allows exponentially shorter refutations than resolution (see for example [28]),
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and PR~ sometimes allows exponentially shorter refutations than SBC™ [27, 6]. Since SBC™

is weaker than PR ™, clause constructions such as the ones in section 3 are more involved.

Notice that all systems using redundancy become more powerful if they are allowed to delete
clauses [16, 6], for this reason we focus on upper bounds for a weaker system (SBC™) without
deletions.

3 Matching and counting principles

Given a graph G = (V| E), consider Boolean variables p. for each edge in e € E. The perfect
matching principle PM(G) states that G has a perfect matching covering all vertices, and
hence is unsatisfiable whenever G does not admit a perfect matching. It is the conjunction of
the following clauses

(Totality axioms) \/ De for every v € V, (1)
esSv
(1-to-1 axioms) Do V Do for every e, e’ € F s.t. ene’ # 0. (2)

Natural generalizations of the perfect matching on a complete graph with an odd number of
vertices are Counting Principles (Count®) for k € N. Formula Count” states that the set [r]
can be partitioned into sets of size k, hence if k does not divide n, it is unsatisfiable. The
formula uses a Boolean variable xg for each subset S C [n] of size k, and is the conjunction
of the following clauses

(Totality axioms) \/ xg for every v € [n], (3)
S3v
(1-to-1 axioms) TV Ty for every S, 5" s.t. SNS" # 0. (4)

In this section, we prove that SBC™ allows polynomial size refutations of the following
principles:

PM(K,+1,n), where K, 1, is the complete bipartite graph between [n + 1] and [n]

(Theorem 3.1);

Count3,,; (Theorem 3.2);

PM(Ga2n+1,2n+1), the grid graph with (2n + 1) x (2n + 1) vertices (Theorem 3.3);

PM(May, 25 ), the graph associated with the mutilated chessboard, i.e. a grid graph

2n x 2n with the top-left and the bottom-right vertices removed (Theorem 3.5).

The intuition for the SBC™ refutation of all these formulas is the same, and for the sake of
clarity we formulate it in the language of matching. There are many possible partial matching
in a graph, but the introduction of certain set-blocked clauses can narrow down the focus of
the proofs to a specific partial matching eq, es, e3, ..., “without loss of generality”. When the
proof eventually deduces the corresponding unit literals pe, , Pe,, Des, - - -, the formula becomes
trivial and immediate to refute. The proof introduces such set-blocked clauses in phases: at
the ith phase we introduce various clauses

/\pej_>pei\/D1 /\pej_>pei\/D2 e
j<i j<i

that later are used to deduce A j<iPe; = De- The prefix A <
part, and this guarantees that the clauses of the ith phase are set-blocked clauses with respect

; De; is a subset of the conditional

to the clauses from previous phases. Once all clauses A j<iDe; = De, are available, the proof
easily obtains units pe,, pe,; . - - De;, - . . and then the empty clause.

8:7
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Regarding the proof of Theorem 3.1, we note that the argument in [6, Theorem 4.3] shows
a size upper bound for the Pigeonhole Principle PH PZH in SPR™. That argument directly
adapts to an SBC™ upper bound for PM(K,,+1.,). Nevertheless, for this latter principle we
give a simpler proof that also prepares for the other results of this section.

» Theorem 3.1. PM(K,,11.,) has SBC™ refutations with O(n®) clauses.

Proof. The idea of the proof is to enforce the partial matching (1,1),(2,2),...,(n—1,n—1).

For {i,j} € E(Ky11,,), we denote the variable py; ;3 simply as p; ;. Following Observa-
tion 2.8 we introduce all set-blocked clauses as conditional autarkies at the beginning and
then apply resolution rules. We add the clauses

conditional part

i1 autarky part
Cijk= \/ DeeV \/ (Pek ViV peiVpie)Vpii VDV Dk VPik (5)
=1 0#£i,]

for each i € [n — 1] and each j € [n+ 1],k € [n] and j,k > i. See Figure 1 for a visual
representation of one such clause. Intuitively, the conditional part of C; ;1 assumes that
matching (1,1),(2,2),...,(¢—1,7—1) is already in place, and that vertices {4, j} on one side
can only be matched with {i,k} on the other side. Under these assumptions, the autarky
part enforces the choice of edges (i,7) and (j, k).

We add the conditional autarkies C; ;i in a specific order: first all clauses of the form
C1,j,k, then all clauses of the form C ;, etc. Given a particular ¢ the order of the Cj ;
clauses does not matter.

1 2 3 8
° ° ° °
. . o ° °
1 2 3 8 9

Figure 1 A visual representation of the clause C46,7 in Ko 5. An edge e is dotted if the clause
contains p. negatively, it is solid if it contains p. positively. The edge is if the corresponding
literal is in the conditional part of the clause, while it is blue if it is in the autarky part of the
clause.

The assignment «; ;j corresponding to the conditional part of C; ;1 is py 4+ = 1 for all
i <iand ppg = pre=pei = pig =0 for all ¢ # 4, j. The assignment §; ; 5 corresponding to
the autarky part of Ci,j,k is Dii = 1,p]’,i = pri,k = O,pj,k =1.

Now consider all clauses in PM(Kp41,,) U{Cir jo 1 | ¥ <iA ',k >4’} The assignment
Bi.j,1 only touches clauses containing the variables p; ;,pj.i, Pik, Dj k- Most of these clauses,
including the Cy j i, are satisfied by «; ;. The only clauses that survive «; ;j that are
touched by B ; . are the totality on i € [n+ 1], 4 € [n], j € [n+ 1], k € [n], and the 1-to-1
axioms D; ; V' D; s Dii V Pjis Pik V Dji» Pji V Pig- All such clauses are satisfied by 3; j x,
hence «; jr — Bij.k is a conditional autarky for PM(Kp41,0) U{Cy joxr | 7 <iNg K > '},
and we can add all clauses C; ; 1 as set-blocked clauses.
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Now we proceed with a resolution proof. We show, by induction on i € [n — 1], that we
can derive all clauses p; ;. Suppose we derived all clauses p1,1,...,p;—1,;—1. Using the 1-to-1
axioms we derive all clauses p; , and p, ; for £ <. First we resolve away all positive literals
from Cj ;1 to get the clause

Clik=D11 VP22V VD1, 1VDis VP -
We do this applying resolution between C; j x and all the 1-to-1 axioms Dy y V Py, ¢, De.o V Do ks
Poe NV Digs DoV Py for £ <i. Now cut C{,j,k with p11,...,pi—1,i—1 to get

K2
ik = Pik VP
Now cut C7; ;. for all ks and js with the totality on i € [n + 1] and the totality on i € [n],
that is Vje[n] pi,; and \/je[n+1] pj.i- We get

D =pi;V \/(Pi,z V pei) -
0<i
Finally cutting D; with all py;,p;, for £ < ¢ we get p;;. Once we have derived all
P11, -3 Pn—1,n—1, Dy unit propagation on the formula PM(K,,+1,,) we get a formula equival-
ent to PM(/C 1) which is clearly unsatisfiable (with a constant size resolution refutation). <

Notice that the argument above would work almost without changes to prove an O(n?)
upper bound in SBC™ for PM(Ks3,41). Instead of doing this we show how to modify the
argument for the slightly more complicated upper bound for Countgn 11

» Theorem 3.2 (Counting modulo 3). Count3,,; has refutations in SBC™ of size O(n7).

Proof. We denote the variable x(; jx simply as w; ;. Following Observation 2.8, we
introduce all set-blocked clauses as conditional autarkies at the beginning, and then apply
resolution rules. The idea of the proof is to enforce the partition {1,2,3},{4,5,6},...,{3n —
5,3n — 4,3n — 3} so that the formula becomes trivial to refute. For each 0 < i < n, we
denote {3i +1,3i+2,3i + 3} as S;.

For each ¢ <n — 2, and any two J = {j1, jo,j3} and K = {kq, ko, k3} that are disjoint
subsets of {3i +4,...,3n+ 1}, we add set-blocked clauses

conditional part

autarky part

i—1

Cigrx = \/ s, vV \/CUT Vo Zs; V T3i41,1 k1 V T3i42,52, ke V T3i43,43,ks V TV TK
£=0 TN(S;UJUK)#D
T#85:,T#JT#K

TH#{3i4+1,51,k1}
T#{3i+2,j2,k2}
T#{3i+3,j3,k3}

conditional part

autarky part

i—1
/ = — —
o=V Ts, v Voer Vs, VEiiiaieg, V Tsisagege V@
£=0 TN(S;UJ)#£0
T#S;, T#J

T#{3i+1,3i4+2,1}
T#{3i+3,j2,55 }

conditional part

autarky part

i—1
1! — — —
1=\ Ts v Voor VT VEiiigieag V Tz g V
=0 TN(S;UJ)#D
T+#S;, T#J

T#{3i+1,3i4+3,51}
T#{3i+2,j2,j3}

8:9
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conditional part

autarky part

1—1
" — — —
i = \/ zs, V \/ eV Ts, VT3i423i43,51 VY T3it1,ja,5s YV T -
=0 TN(S;UJ)#0
T#S;, T#J

T#{3i42,3i4+3,j1}
T#{3i+1,52,53}
See Figure 2 for a visual representation of the autarky parts of the clauses above. The
conditional part assumes that sets {1,2,3},...,{3i — 2,3i — 1, 3¢} have been chosen, and
furthermore that all but two specific ways to cover {3i + 1, 3i 4+ 2, 37 + 3} have been excluded.
For example, the conditional part of C; ; x only allows the solid and the dotted patterns
from Figure 2(a) and the autarky part enforces the choice of the former.
With an argument analogous to Theorem 3.1, it is easy to see that the clauses C; ; k,
i 7> Cf 7, Oy can be added in any order that is non-decreasing with respect to 4.
Again, as in the proof of Theorem 3.1, for the resolution part we assume by induction that

we have deduced zg,,...,2s and now our goal is to deduce zg,. Using these assumptions,

i—17
we resolve away the disjunction \/z;é Tg, from the conditional autarkies, and then we remove
all their positive literals using the 1-to-1 axioms. This is possible since by construction the
set corresponding to each such positive literal intersects the set corresponding to one of the

negative literals. In the end we get the following clauses.

Di, gk = T3it1,j1,ky V T3i42,55,ks V T3i43,js,ks (6)
! p— —
Dj ;= T3i11,3i42,5: V T3i43,5,js (7)
1 —_ —
Dy’ ; = T3i41,3i43,51 V T3i42,52,js (8)
" — —
Diy = T3i42,3i43,51 V T3i+1,4,js 9)
Let T" be the set of clauses of CountgnJr1 plus the assumptions zg,, ..., s, ,, plus clauses

(6)—(9). To show how to deduce zg, from T', we actually show how to refute [lz, viaa
decision tree of size O(n®). It is a well known fact that this translates into the deduction we
wanted, preserving proof size.

The tree queries all variables z4 with (37 + 1) € A, except for zg,, until one of them is
assigned 1. If they are all assigned 0 the totality axiom for 37+ 1 is violated. In the surviving
branches the tree queries all g with (3i + 2) € B until one of them is 1. Notice that some
of these variables are skipped if they have been queried in the previous phase, and moreover
this whole phase is skipped if some x5 was already set to 1 in the previous phase (this is
possible when 3i + 1 € B). Again if all the answers are negative, the totality axiom for 3 + 2
is violated. Now we do the same for all ¢ with (37 + 3) € C. Again, some are skipped when
their values are known to be 0, and the whole phase could be skipped if (3i + 3) was already
matched in a previous phase. For each surviving branch we can uniquely identify three sets
A B, Csothat za=1,2p=1,2¢c =1,andsothat 3i+1€ A, 3i+2e€ B, 3i+3 c C.
There are at most n8 of those triples.

We now analyze the leaves of the decision tree. If any of the three sets contains an element
in {1,...,3i} then, because of the assumptions, a 1-to-1 axiom is violated. If any two of the
three sets have non-empty intersection, yet they are distinct, they will violate some 1-to-1
axiom. It is impossible that A = B = C because that would mean A = S; but x5, was set to
0. The remaining cases are when A, B, C are disjoint, and that falsifies (6), when A = B
disjoint from C, and that falsifies (7), when A = C' disjoint from B, and that falsifies (8),
when B = C disjoint from A, and that falsifies (9). This concludes the refutation of Ffzsi,
hence of the induction step of proving zg,.
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Once all zg,,...xs,_, are proved, by unit propagation the formula reduces to Counti
(up to renaming of variables) which is unsatisfiable and of constant size. |

(:l k1 (o) ko f;) ks
e T
1 i 1 N

J

1
1
1
1
; .
1 [ I S S 1
1 1
\

J2

(: . :) . \5

Ji+1 3i+2 3+3 3t+1 3i+2 3u+3

1
1
1
{

(a) Autarky part of the clause C; j k. (b) Autarky part of the clause Cj ;.

Figure 2 Visual representations of the autarkies in the clauses C; j x and CLJ. A solid circle
around points {1, j, k} means the variable x; ; 1 is positive, while a dashed circle means the variable
is negative.

We now prove that the perfect matching on grids has polynomial size SBC™ refutations.

Unlike the previous upper bounds, the inductive argument is slightly more delicate.

» Theorem 3.3 (Perfect matching on odd grids). PM(Gay+1,2n+1) has refutations in SBC™
of size O(n?), where Gy, 1, denotes the m x m grid graph.

Proof. Let the vertices of Gapt1,2n+1 be all the integer valued (z,y)s with 0 < x < 2n
and 0 < y < 2n. The bottom-left corner of the grid is the vertex (0,0) and the top-right
corner the vertex (2n,2n). We consider the partial matching consisting of the 2n? horizontal
edges of the form {(2z,y),(2x + 1,y)} with x € {0,...,n— 1} and y € {0,...,2n — 1}. See
Figure 3c for an example of such matching in Gz 7.

We fix the total ordering ey, ..., es,2 on the edges in the matching from the bottom-left up
filling the columns from left to right (see Figure 3). More precisely e; = {(2z,y), 2z + 1,y)}
comes before e; = {(22',v'), (22" + 1,y')} either when « < &’ or when z =z’ and y < y/.

To ease notation, we also denote by e the Boolean variable corresponding to the edge e
indicating whether that edge is in the matching or not. The main goal of the refutation is to
obtain the clauses

ey, €1 —ez, ... (/\ 6]‘) — €5y ... ( /\ 6]‘> — €op2 . (10)

J<t j<2n?

For clarity, Figure 3a, 3b, and 3¢ show a pictorial representation of some of the clauses in (10)
for the graph Gz 7. Once we derived the clauses in (10), by unit propagation we obtain the
clauses ey, es, ..., ea,2, and hence all the edges intersecting them are set to false. After these
variables are set, the resulting formula reduces to the claim that there is a perfect matching
in the path of odd length containing the vertices in the rightmost column and topmost row
(see Figure 3d). This leads to an immediate contradiction, again just by unit propagation.

The general scheme of the proof is to first introduce some set-blocked clauses as conditional
autarkies, then to use these clauses to infer via resolution the clauses in (10), and finally to
conclude the proof via unit propagation as we discussed above.

Fix i, we now explain the conditional autarkies we use to derive A j<i € — i These
clauses correspond to even cycles containing edge e;. For each such cycle there are two
possible matching, and the idea is to enforce the one containing e;. To understand these
clauses we refer to the visual representation in Figure 4.

8:11
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Y e nen LR S EEET S

Y e k] nen LR S EEET S

P e L ey FEET S Y S

(a) First clause. (b) Intermediate clause. (c) Last clause. (d) Residual graph.

Figure 3 The first three figures give a visual representation of the clauses e, /\?:1 e; — €10, and
/\311 e; — e1g for the 7 x 7 grid. An edge is dotted if the clause contains the corresponding variable
negatively, and it is solid if it contains it positively. The fourth picture show the resulting matching
problem after the edges e, ..., e1g edges are set to true, and the edges intersecting them are set to

false.

For any number m > 1, we describe an alternating cycle C; ,,, with bottom-left edge e;
and that surrounds m squares. The cycle C;; has length 4, surrounding the square with
bottom edge e;. In general, if m is odd, C; ;11 is the cycle surrounding the same squares
of C; ,,, plus the square on the right of the top-most square of C; ,,. If m is even, C; ;41 is
the cycle surrounding the same squares of C; ,,, plus the square on the top of the right-most
square of C; ,, (the blue edges in Figure 4 are examples of theses cycles).

To each cycle C; ,,, we associate a clause D; ,, that we will prove is a conditional autarky
w.r.t the initial axioms and the previously introduced D;/ ,,,». The conditional part of D; ,,
contains the negative literals —eq, ..., —e;_1 (the yellow dotted edges in Figure 4). Hence the
condition assumes that these edges are chosen. The conditional part of D; ., also contains as
positive literals all the edges incident to cycle C; ., but not part it (the yellow solid edges in
Figure 4). This part of the condition assumes that no other edge in the matching touches the
vertices of the cycle. The autarky part of the clause D; ,, contains the literals corresponding
to the edges in the alternating cycle C; ,,, with alternating polarity, starting with the edge e;
as a positive literal (the blue edges in Figure 4). The intended meaning is that under the
condition the vertices in the cycles are matched using the solid blue edges.

The clauses D; ,,, are set-blocked with respect to PM(Gap41,2n+1)U{D;j¢ | 7 < i}. Indeed,
the negation of the conditional part of the clause D; ,,, satisfies all the clauses in {D;, | j < i}
by setting e;s to 1 for j < 4. The autarky part furthermore satisfies all D; ¢ by setting e; to 1.
To verify that D; ,, is a conditional autarky for PM(Gay+1,2n+1) Observe that the conditional
part disconnects cycle C; ,,, and that the autarky part is a matching for it, leaving alone the
rest of the graph. Therefore, we can add one by one all clauses D; ,, as set-blocked clauses.

To conclude the argument, we show how to derive the clause ( N j<i ej) — e; using all the
clauses D; . First, remove from D; ., all positive edges in the conditional autarky outside
the cycle except for the ones adjacent to one of the e;s for j < ¢. We will remove these at
most 4 literals at the end. The others can be removed resolving D; ,, with the 1-to-1 axioms,
since they are always adjacent to a negative edge in the cycle. Let l~)zm be the obtained
clauses (see Figure 5a and Figure 5c). Let e; ,,, be the edge where we attach the new square
to get C; m41 from C; ., (€5, is marked with a gray arrow in Figure 4 and Figure 5) and let
E; m be the clause which is the same as Ei,m but the literal €; ,, removed (see Figure 5b
and Figure 5d).

First, notice we can obtain F; ; when ¢ corresponds to the longest possible cycle among all
the C; m: take the clause ﬁu and cut it with the totality axiom on the vertex in e; g Ne; 1.
That is we cut with the totality axioms on one of the nodes of e; ¢, the one which does not
introduce a new literal.
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1 P N
(a) The clause Dsg 1. (b) The clause Dg,s. (c) The clause Dg 3. (d) The clause Dg 4.
(e) The clause Dg 5. (f) The clause Dg . (g) The clause Dg,7.
Figure 4 A visual representation of the clauses D; ,,. The pictures show Dg ., form=1,...,7

in the 7 x 7 grid. The color of the edges follows the conventions of Figure 1. In gray we highlight
the region of the grid surrounded by the blue alternating cycle C; . The gray arrow shows where
the square of the cycle one square larger would be attached.

bR ’
(a) The clause Ds 4. (b) The clause Ess . (c) The clause Ds 7. (d) The clause Es 7

Figure 5 A visual representation of the clauses l~)i7m and Ej m.

Now we show how to obtain E;,,_; from E;,, for each m between ¢ and 2: we just
need to remove the rest of the edges of the last square of E; ,,,. If m is odd, first resolve
E; m with the 1-to-1 axiom between the top and left edges to remove the top edge. Then,
resolve with the totality axiom on the bottom-left corner (of the last square) to remove
the vertical negative edge. Finally, resolve with l~)i,m_1 to remove €; ,,—1. The remaining
clause is E; ,—1. If m is even, first resolve E; ,,, with the 1-to-1 axiom between the rightmost
and bottom edges to remove the right-most edge. Then, resolve with the totality on the
bottom-left corner (of the last square) to remove the horizontal negative edge. Finally, resolve
with 15i7m_1 to remove €; ,,—1. The remaining clause is E; 1.

To conclude the argument, we need to show how to derive (A\;_, ¢;) — ¢; from E; 1 (see
Figure 6). First, resolve E; 1 with the 1-to-1 axiom between the top and left edges to remove
the top edge. Then, resolve with the totality axiom on the bottom-left corner to remove the
vertical negative edge. Then, resolve with the 1-to-1 axioms using the previous negative e;s.

Regarding the overall size of the refutation, for each of the 2n? edges e; in the matching M
we introduced O(n) clauses D;,,, with an additional linear cost we derived (A, e;) — ei,
and the rest of the argument is unit propagation. The total size of the refutation is O(n?). =
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o + o S e

(a) Es,1. (b) Cut E9; with (c) Cut the previous (d) Cut the previous
1-to-1 axiom. clause with totality clause with 1-to-1 axioms.
axiom.

Figure 6 A visual representation of how to derive /\::1 e; — eg from Fg ;.

[[[]]

nEe e R e Lk e ] . e

R e L nEs—waEr—ann oo

— e+ e D e D e A e L L

(a) First clause. (b) Intermediate clause. (c) Last clause. (d) Residual graph.

Figure 7 The sequence of clauses (/\j<i €j) — e;, similar to Figure 3.

Notice that SBC™ cannot p-simulate depth-O(logn) Frege, since SBC™ does not have
polynomial size refutations of the bit Pigeonhole principle [27], unlike depth-O(logn) Frege.
Interestingly, from Theorem 3.3 and the lower bound in [13] we get the following corollary.

» Corollary 3.4. Depth-O(logn/loglogn) Frege does not p-simulate SBC™.

» Theorem 3.5 (Mutilated chessboard). Let M., ,,, be the m x m grid graph to which vertices
(0,m —1) and (m — 1,0) have been removed. PM(Mas, 2,,) has refutations in SBC™ of size
O(n?3).

Proof sketch. The proof is an adaptation of the one for Theorem 3.3. Again, we prove a
chain of clauses of the form (/\ j<i ej) — e; where {e;}; is the sequence of horizontal edges
{(2z,9),2z + 1,y)} for z € {0,...,n— 2} and y € {0,...,2n — 3} (see Figure 7). That is,
now the matching we use stays two squares away from the top and right borders of the grid.

The set-blocked clauses introduced, and the way to obtain the clauses (A j<i ej) = e; is
almost the same as in Theorem 3.3. Let e, and e, the topmost left edge and the bottommost
right edge in the sequence, respectively. The first small difference with Theorem 3.3 is that
clauses Dg. 1, Dq,2, Doz and Dy 2, Dy 3, Dy 4, Dy 5 miss the positive literals that correspond
to the solid orange edges present in the original grid graph, but are missing in the mutilated
corners. In the proof from Theorem 3.3 these literals were just resolved away using the 1-to-1
axioms. Here we just skip those steps. Another difference with Theorem 3.3 is the residual
graph (see Figure 7d), but also in this case unit propagation ends the refutation. |

Notice that the upper bound in Theorem 3.3 is also an upper bound on the onto-functional
version of the Pigeonhole principle on the grid, a sparse graph. In the next section we prove
that even a harder version of PHP has short proofs in SBC™.
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4 The relativized pigeonhole principle

In its unsatisfiable CNF form, the pigeonhole principle claims that there is a way to make
n+ 1 pigeons fly into n holes while avoiding any two pigeons to end up in the same hole. This
formula is famously hard to refute for Resolution [9] and for BC™ [20]. A short refutation
can instead be obtained in PR, in SPR or even in SBC™ [11, 6, 27]. Here we show an SBC™
refutation for a harder variant.

The relativized pigeonhole principle is a variant of the pigeonhole principle where n 4 1
pigeons fly to m > n intermediate resting places and then fly into n holes. The CNF encoding
claims that there are no collisions, neither at the resting places nor at the holes. The formula
itself is denoted as RPHP™ ! and its clauses are

(Totality axioms 1) \7 Di.a forien+1] (11)
a=1

(Hole axioms 1) PiaVDja forijen+1,acm]withi#j (12)

(Activation axioms) PiaVTa forie[n+1],ae€m] (13)

(Totality axioms 2) To V \"/ Qak fora € [m] (14)
k=1

(Hole axioms 2) 74 VT V Qo i V Ty 1 for a,b € [m],k € [n] witha #b  (15)

» Theorem 4.1. RPHP!! has a refutation in SBC™ of size O(n*m?).

Proof. The intuition behind the argument is to forbid pigeon i to fly into hole k& < i,
regardless of the intermediate resting place. As usual we add all the conditional autarkies
first and then do the resolution steps.

Adding the conditional autarkies. For j,k > i, we consider clauses C{7¢7} that claim
that when pigeons ¢ and j fly to k and ¢, respectively through distinct resting places a and b,
without loss of satisfiability we can assume that pigeon 7 flies to i and that pigeon j flies to

k. Formally, the clause Ci2¢7i

bk 18

conditional part autarky part

PiaV\/ PiraVDis VN iV \ iV ) @k VEaVTs V Qi V3 V ok V Qo
i/ £ 3'#J a’Z{a,b} b Z{a,b}

(16)

—a—1

2471 for all i < n, for all 7 where ¢ < j <n + 1, for all

We add as conditional autarkies C’j’:

k where i < k < n, and for all distinct a,b in [m]. We add them in increasing order w.r.t.

index i. Among clauses with the same index i, any ordering of them is fine.

Fix some C;:g:; and let the partial assignment « be the (the negation of) its conditional
part, and let = {qa; =1,q,; =0,4¢; s = 1,¢;; = 0}. We need to check that each clause in
the proof before it is either satisfied be alp or untouched by B.

We first check that C? 727 is conditional autarky w.r.t. to clauses (11)—(15). Assignment
j—b—k

[ only touches clauses mentioning one or both resting places @ and b: it satisfies their totality
axioms (14), and satisfies the hole axioms (15) involving both. All other hole axioms touched
by [ are satisfied by «.

8:15
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We now check that ;:g:; is a conditional autarky against some previously added clause

C = ;3?:;« for i <7 (see (16)). When {i, k} N {3, l%} = (), the assignment 3 does not touch
C at all. When the intersection is non-empty, we have six cases, and for all of them we show

that a U /3 satisfies C. Notice that k # 1 because k>i>i

Case 1 (i =1,a #b): aU 3 sets ga;, or equivalently variable g4, to 1. Since @ # a, this
variable occurs positively in C, in the disjunction \/a'gz{a,b} qa’ i-

Case 2 (1 =14,a = b): « sets p; 4, or equivalently p;p, to 1. Since j # 4 this variable occurs
positively in C, in the disjunction \/j’#j Dj b-

Case 3 (1=k,a # a): aU f sets g4, or equivalently variable g4, to 1. Since @ # a, this
variable occurs positively in C, either in disjunction \/b,€ {a.b} vk OF in the autarky part.
Case 4 (i = k,4 = a): « sets p; 4, or equivalently py 4, to 1. Since ¢ < k, this variable
occurs positively in €' in the disjunction V; _,; pir a-

Case 5 (k= k,b+#a): aUp sets dj j.» or equivalently variable g; ;. to 1. Since b # a, this
variable occurs positively in C, either in disjunction \/b,€ {a,p} Q' k OT in the autarky part.
Case 6 (I% = kb= a): « sets p; 4> Or equivalently pjq, to 1. Since 7 > 7 > i, and in
particular j # 7, hence p; o occurs positively in C in the disjunction \/i,;ﬁi Dita-

We have just shown that C? 7% is a conditional autarky w.r.t. to all clauses of the

j—b—k

relativized pigeonhole principle and all clauses C’;‘*“_’i

247 added before. Therefore we can add

them all in the SBC™ proof system.

Resolution steps. First remove all positive literals from all the conditional autarkies,
resolving the clauses C’J’:‘gjff with hole axioms involving p; ,, D) s Qo and @ ;, and then

with activation axioms p; , V r, and p;;, V 13, to get clauses
DiaVaar VPipVap; (17)

for all j,k > i and a,b € [m].
The rest of this refutation is the derivation, by induction on ¢ = 0, ..., n, that any pigeon
of index above j > ¢ must be mapped to a hole k > i. Namely we want the clauses

Pjp V \/ b,k for j >4 and b € [m]. (18)
k>i

At step i = 0, clauses (18) are the result of resolving activation axiom Pjp V rp with the
totality axiom (14) for resting place b. Now assume that we have (18) for step ¢ — 1.
We have clause (17) for fixed a,b,j and varying k > i. We resolve all such clauses with
DiaV \/k>(i_1) da,k, that we have already by induction hyphothesis, and get clause

DiaVDPipVapiVda- (19)

We should remark that last step is only valid for ¢ < n. When ¢ = n, clause p, , V qa,n is
available by induction hypothesis and therefore (19) can be obtained directly by weakening.
Next goal is to deduce

DiaVDPip Vi Vg, (20)

by resolving two activation axioms with a hole axiom (15) for hole . We resolve (19) and (20)
and get p; ,VD;,Vq, ;- Resolve all such clauses, for varying a and fixed j, b, ¢, with the totality
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axiom of pigeon 4, to finally get p; , Vg, ;. By induction hypothesis we have p, , v Visio1 @bk
which, resolved with clause p;, Vg, ; that we just derived, gives our goal clause (18).
When we finally arrive to i = n, clause (18) is just p,, . ; for all b € [m], which immediately
implies contradiction with the totality axiom for pigeon n + 1.
The size of the initial formula is O(m?n), since m > n. There are O(n*m?) clauses added
as conditional autarkies. The proof is dominated by obtaining clauses (17), taking O(n + m)
resolution steps for each conditional autarky added, so the proof size is O(n3m?). |

5 Conclusions

We conclude this work with a couple of open questions. Are redundancy based systems
(SBC™ /PR~ /...) able to give polynomial size refutations of the perfect matching principle
on expander graphs, either on the random graph or even structured expanders such as
Marguli-Gabber-Galil expanders? Theorem 3.3 can be seen also as a preliminary step in this
direction. A similar question was already raised in [6].

We also showed that the relativized pigeonhole principle has polynomial-size SBC™
refutations. This principle has some structural similarities with the clique-coloring principle.
Does clique-coloring also have polynomial size SBC™ refutations?
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